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ABSTRACT 
The constant of proportionality between the magnetosphei ,r: convection 
velocity and the magnetic stressing required to produce that velocity is  obtained. This 
constant, the drag coefficient, i s  independent of the mechanism which drives the con- 
vection. From the drag coefficient the rate of dissipation due to ioule and viscous 
heating is obtained as a function of the convection velocity. The driving mechanism 
must supply a t  least as much energy as is  dissipated. It i s  found that the maximum rate 
a t  which the solar wind can do work on the magnetospheric plasma i s  much greater 
than i s  required for supplying the energy dissipated, even with convection velocities 
up to about 1 km/sec (in the ionosphere). Given velocities as high as 1 km/sec, a 
number of interesting consequences follow. The role of viscosity in the dynamics of 
the ionosphere i s  assessed. It i s  found that viscous dissipation i s  usually not significant. 
The effect of neutral gas motions on the joule dissipation i s  considered. 
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i .  introduction 
The earth's magnetosphere i s  a region of high electrical conductivity; thus 
geomagnetic f ield lines are 'frozen' into i t s  ambient plasma. Similarly, geomagnetic 
f ield lines are frozen into the conducting earth. Between the conducting earth and the 
conducting magnetosphere lies a layer of non-conducting neutral atmosphere. Within 
this insulating layer the field lines are not frozon in so that, as pointed out by Gold 
(1959), the magnetosphere may move relative to the earth. 
It was pointed out by Axford and Hines (1961) that:if the polar DS current 
1 
system i s  driven from above there must be large scale convection. It is  easy to see why 
the DS system indicates magnetospheric convection. There must be an electi ic f ield 7 
to drive the currents through the ionosphere. The electrical conductivity along the 
magnetic f ield i s  so great that the magnetic f ield lines are essentially equipotential 
lines. Thus out in the magnetosphere the same potential differences must exist between 
the lines of force as are inferred from the currents in  the ionosphere. in the magneto- 
sphere an electric f ield implies a velocity 
I 
Here 5 i s  the drift velocity, the geomagnetic field, and c 
the velocity of light, The pattern of such convective flow can be found from the DS 
current pattern by upward mapping of the electric field. 
This pattern of convection and i t s  consequences were examined by Axford 
and Hines (1961). They estimate that the convective velocity a t  ionospheric heights 
' We note that dynamo mechansims, which generate the DS system by means of ionospheric 
winds, also lead to convection (Hines, 1964). 
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may be as high as 1 km/sec and that the convection may be responsible for much of 
the aurora, the trapped radiation, and the growth and decay of the main phase of mag- 
netic storms. Hence i t  is  important to understand the physics of convection, The Axford 
and Hines convection model i s  indicated i n  Fig. 1. Each tube of flux above the non- 
conducting atmosphere moves as a unit because i t  i s  embedded in a conducting medium. 
In their model the plasma in  the outer magnetosphere convects away from the sun, 
returning through the interior. In this convective process a l l  the flux tubes above a 
certain latitude take part i n  the motion. The path followed by the feet of the flux 
tubes in the ionosphere i s  shown in Fig. 2. The feet of the flux tubes drag the viscous, 
dissipative ionosphere around with them, so that a driving force i s  needed to maintain 
the convection. While the existence of some driving mechanism i s  required, no particular 
mechanism i s  crucial. The convection suggested by Axford and Hines can be considered 
quite independently of any mechanism which drives it. 
The solar wind may be the ultimate source of driving energy for the convec- 
tion, wi th energy being transferred into the magnetosphere by any of various mechanisms. 
For instance, Axford and Hines (1 961) suggested a "viscous-like" interaction between the 
solar wind and the magnetospheric material. An alternative process involves the recon- 
nection of field lines and has been examined by Levy, Petschek, and Siscoe (1963). 
On the other hand, the energy required to drive the convection could come 
from a source distinct from the solar wind. For example, Fejer (1964) has found that the 
interaction of magnetospheric rotation with a belt of energetic protons can lead to a 
DS-like current system. Associated with the 
Axford and Hines type convection pattern. 
7 
E fields of this system there must be an 
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But no matter what the driving mechanism, a driving force i s  required in 
order to maintain convection against the friction of the dissipation region i n  the ionosphere. 
Without worrying about the driving mechanism we w i l l  investigate the physics of convec- 
tion in  the dissipation region, with a view to finding the constant of proportionality be- 
tween the driving force and the convective velocity. From this proportionality constant 
we w i l l  obtain, as a function of the convection velocity, the ionospheric dissipation 
rate due to ioule and viscous heating. Some driving mechanism must supply the energy 
a t  this rate in order to maintain the convection, Once we have thus found the energy 
input required to maintain a certain convection rate, e.g. 1 km/sec a t  ionospheric levels, 
we w i l l  be able to ask i f  a given driving mechanism can provide that input, thereby pro- 
ducing the convection and hence the aurora, trapped radiation, etc. In particular, we 
can ask i f  the solar wind can supply energy a t  the required rate (no matter how that 
energy i s  transferred into the magnetosphere). 
II. General Considerations 
In order to study the convective process at ionospheric levels, we adopt 
a model. But before describing and disucssing this model, we can discuss the real-life 
process from which the model i s  extracted. The convecting ionosphere i s  a complex 
system; seen by an observer on the earth, the pattern of convection varies i n  time, the 
ions, electrons and neutrals which compose the ionosphere can a l l  drift at different 
velocities, and the conductivity i s  a tensor instead of a scalar. We wish to distill from 
this complex situation the essential physics of convection a t  ionospheric levels. 
Now convection i s  limited by ioule and viscous dissipation occurring in the 
lower ionosphere. We want to find out within what height range z1 - < z - < 22 
the ioule and viscous dissipation takes place. (Throughout this paper z refers to height 
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above the ground.) With the dissipation region boundaries z1 and 22 established, 
the boundary conditions which are obtained there can be specified. 
The Convective Process 
7 
Associated with the convective velocity Vp of the magnetospheric 
plasma there i s  an electric f ield such that 
to good approximation. In that region of the magnetosphere where the driving mechanism 
i s  operative a driving force pushes (positive) charges i n  the direction of - r= 
- q x  V C  , that is, from lower to higher potential. For example, suppose 
that the driving mechanism operates i n  the outermost region of the magnetosphere; 
positive charges w i l l  be driven up the potential gradient from the point Q toward the 
point P i n  Fig. 1. From the neighborhood of P charges w i l l  flow along down 
to the northern and southern polar ionospheres, where there are frequent charged particle- 
neutral collisions. In each such collision the guiding center i s  shifted from a higher po- 
tential f ield line to a lower potential line. The charges which traveled down to the 
ionosphere along the field line P (i.e., the f ield line passing through point P ) w i l l  move 
through the ionosphere i n  the direction of toward the f ield line Q and then 
back up to the region of the driving mechanism, thus completing the circuit. Th is  latter 
region is  thus a ‘generator or source of E.M.F. The ionosphere acts as an electric motor 
because there currents set the neutral gas in motion. 
These remarks indicate the essential physics of the convection process by 
-5- 
' .  
I 
means of a somewhat simplified picture. In fu l l  detail the situation i s  more complicated. 
In particular the current flow along 
while in the ionosphere the currents (parallel to 
ions. In addition to the flow of charge in  the ionosphere along 
consists mainly of moving electrons, 
EI ) result primarily from moving 
, there w i l l  be 
a significant flow perpendicular to E' (and 87 ), viz., the Hall current. 
This means that, i f  we think of the currents as consisting of moving positive charges, these 
charges w i l l  flow through the ionosphere, not just in the direction from the f ield line P 
to the f ie ld line Q , but also perpendicular to that direction. Thus a charge which 
comes down along the f ield line P w i l l  not travel back up to the region of the driving 
mechanism along the same f ield line as i t  would have without the Hall current. It w i l l  
however return to the region of the driving mechanism, where driving forces are exerted 
to raise i t  again to a higher potential f ield line. Hence the essential physics of this 
process has been captured in  the simple discussion above, where Hall  currents are ignored. 
The Convection Pattern a t  Ionospheric Levels 
Figure 2 shows the plasma flow pattern as viewed in a frame which does 
not rotate with the earth. The pattern of Fig. 2 represents the flow of the ion-electron 
plasma, not the ful l  plasma including neutrals. A t  the heights for which Fig. 2 i s  drawn, 
the neutral gas does not in  general move with the ion-electron gas. Henceforth when 
reference is  made to the plasma, we mean the ion-electron plasma. We want to study 
convection from the standpoint of an observer rotating with the earth. Fig. 3 is  obtained 
from Fig. 2 by subtracting out the earth's rotational velocity. A t  each point of Fig. 3 
the velocity vector represents the velocity of convecting plasma as seen by an observer 
directly under that point. 
An observer on the Earth wi l l  rotate under Figs. 2, 3. In Fig. 2 a blob of 
-6- 
plasma convects around in one of the closed loops (provided a steady state exists). 
As viewed from an earthbound frame, that is, a frame of reference rotating with the Earth, 
the path of this convecting blob w i l l  be i n  general a spiral which does not retrace 
itself. It wi l l  not in  general be a closed loop. 
The plasma convection velocity and the associated electric f ie ld observed 
directly above an observer rotating with the Earth w i l l  vary in  time as that observer 
rotates under the fixed pattern of Figs. 2, 3. Thus for an earthbound frame the plasma 
velocity and the electric f ield are functions of time as well  as position. 
An observer on the Earth a t  the latitude of A or D in  Fig. 2 w i l l  observe 
the plasma velocity above to vary with a period of 24 hours, that i s  with a time scale 
5 1~ = 24 hrs. = 0.864 x 10 sec. This is the longest time scale that can be associated 
with the plasma motions of Figs. 2,3. An observer on the Earth rotating under B in  Fig. 2 
w i l l  see the plasma which moves from C to B changing velocity with a time scale 
4 /tl = 1 x 10 sec. This i s  the shortest significant time scale that can be associated 
with the plasma motions. The time 2 = 0.864 x lo5 sec corresponds to a minimum 
angular frequency 
to a maximum frequency W = 6 x sec-l. These two w values define 
a range of frequencies 0.7 x 10 sec” < - M /  
plasma velocity wi l l  be taken to vary as sin tw-f with u 
Ion, Electron, and Neutral G a s  Motions 
w = 0.7 x 10 -4 sec -1 and /tR = lo4 sec corresponds 
-4 - < 6 x sec” . In the model the 
taken from this range. 
~ 
7 
Above z = 300 km, the ion gas velocity Vi satisfies the equation: 
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to 1 percent or better. For z < 300 km, ion-neutral collisions prevent (2) from being - 
well  satisfied. But the equation 
I 
-I 
for the electron gas velocity fi i s  satisfied to good approximation down to 
z = 100 km. 
From (3) i t  follows that i s  perpendicular to down to 
z = 100 km. For z > 300 km, both (2) and (3) are satisfied so that ions and electrons 
r 
wi l l  move a t  essentially the same velocity, the plasma velocity 
define 
together in  that range. Also it is clear from (2) and (3) that 
. (We do not 
for the range z < 300 km because the ions and electrons do not move 
7 
l/p 
7 CI 
V,* and Va 
can differ by a component along , but this w i l l  be small compared to /z/ 
7 
or / E/ ,) Then 9 wi l l  satisfy Eqn. (1) for z - >300 km. The magnetic 
f ield lines w i l l  move with the plasma for z > 300 km and with the electrons for z > 100 
km. Figs. 2,,3 show the velocity VR 
- - - 7 
Vp for z - > 300 km in  the ionosphere (or 
for z > 100 km). - 
The ionosphere consists primarily of neutral gas. Due to collisions this 
-3 
gas tends to convect ( b) with the ions, especially a t  higher levels where 
the neutral density i s  small. The neutrals convect closely with the ions above 250 km 
for motions with characteristic frequency M /  = 0.7 x 10 sec . But they do not 
move with the ions a t  any level for 
-4 -1 
01/ = 0.6 x sec”. 
The Current Density and Dissipation 
The current density in the ionosphere i s  given by 
-8- 
The symbols -f- and I /  denote respectively components perpendicular and 
parallel to F . Ojj i s  the Pedenon conductivity, r4 the Hall 
2 
conductivity, and the conductivity parallel to . 
The ioule dissipation rate per unit volume i s  given by the scalar product 
of with the electric f ield = r+ Z % ~ C  seen in  a 
frame of reference moving with the velocity VN . Thus the ioule dissipation i s  - 
otherwise ESU are to be understood. We note 
We have defined r u  so that the Hal 
is  opposite in sign (being negative) to the 
2 
For the most part electrostatic units are used in  this paper, but i t  i s  often con- 
venient to give conductivities in EMU. When EMU are used, i t  w i l l  be explicit ly stated; 
that ~ ( r s  u> = c EM u) 
current i s  $ =  
4 used when $ =  
. Thus the used here 
. The conductivities we use are taken 
primarily from Johnson (1961) as are also mass densities and other data. Those conducti- 
vities are for mid-latitudes. It should be noted that Chapman (1956) suggests lower con- 
ductivities in the polar ionosphere. Our final conclusions are not altered if lower conduc- 
tivities are appropriate. So we shall use mid-latitude conductivities. 
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= v p ( F & + i z X ~ L )  i s  the Pederson current 3 where 
and F=d& i s  the current parallel to . It should 
be noted that (5) i s  independent of fl# 
We are interested in  finding the upper boundary (z = 22) and the lower 
boundary (z = 21) of the region (the dissipation region) within which essentially a l l  the 
ioule and viscous dissipation occurs. We have estimated a t  various 
levels and find that to fairly good approximation (within 5 percent) a l l  the ioule dissi- 
i s  pation occurs in the range 100 km < z < 300 km, 
small outside this range). 
9 .p  
3 9 (essentially because - - 
only in  the range 100 km < z < 
< < 1 i s  satisfied 
. It i s  not hard to demon- 
So we need consider . f .p  - 
300 km. In t h i s  rnnge the condition 
so that the ioule dissipation depends primarily on 
strate this. Charge w i l l  flow down into the lower ionosphere as 
horizontal area A,, with unit normal parallel to and then w i l l  flow 
*/$ v 
9 through a 
perpendicularly to in  the lower ionosphere as fl7 through an area 
A p  with unit normal in the direction of 8 .  
Conservation of current requires that 
3 
This range i s  extended upwards perhaps another 200km for conditions of night-time, sun- 
spot maximum. When we refer herein to daytime or night-time, sunspot maximum or mini- 
mum conditions, we mean the conditions of conductivity qzm , G(.F/ 
and &, 
(1 961). 
, electron density, etc., as defined for these times in Hanson 
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The thinness of the region where there i s  significant (200 km) means that 
4 < < 1 i s  satisfied for z > 100 km. Hence - 
In general, (6) i s  satisfied in the region where i s  significant, so we 
may write for that region 
--7 
By substituting ~7, = ql&, I -  and ..-$ = Y- € P L  
into (6), i t  i s  seen that /GflEl/ < < 1 down to at  least z = 100 km. This 
conclusion was earlier drawn on the basis of (3). 
In this section we have specified the height range within which essentially 
a l l  the ioule dissipation occurs. In the next section we determine the height range 
within which the viscous dissipation takes place, Then i t  w i l l  be possible to define 
the boundaries z1 and 22 of the dissipation region. 
Viscous Dissipation 
In order to discuss viscous dissipation i t  i s  necessary to know something about 
4This discussion tacitly assumes that 
and much of the charge which flows in  as 
current, then similar arguments again yield (6). 
v f~ =O, but i f  this i s  not the case 
/f,+//fN leaves as Hall  
-11- 
as a function of z. (Henceforth the subscript /V i s  dropped so that 
7 
J I 
& - V  .) We have investigated the neutral gas motions by considering - v to be driven solely by forces. 
It i s  thus found that /fi z 5 100 km)/ / /  z/ = 0 to fairly good 
approximation (less than 6 percent), so that below 100 km the neutrals are immobile with 
respect to the earth. This is because, for z < - 100 km, the ionosphere i s  too massive and the 
sinusoidally varying force # x  B/c 
ficant v . Since I/ ZZ 0 below 100 km, there i s  negligible viscous 
too weak, to produce a signi- - v 
5 
( /" denotes dissipation below that level. 
the coefficient of viscosity.) 
Thus z = 100 km can be taken as the base z1 of the dissipation region above 
which essentially a l l  the ioule and viscous dissipation occurs. The boundary condition 
at 100 km i s  
7 v (z,) = 0. 
The above conclusions were found by neglecting viscous forces ( /"c =O). 
We have estimated these forces and found that they have l i t t le  effect in  the vicinity 
of 100 km and below. Thus viscous forces do not alter the above conclusions. 
I 
Again by taking v to be determined solely by the force pr/ 
and estimating the additional effect of viscosity i t  i s  found that viscous dissipation gen- 
I 
Further, 7 varies slowly with z below 100 km. The general viscous stress 5 
tensor for an ion-neutral gas i n  the presence of a magnetic f ield i s  discussed in  Appendix 
with z i s  also given. /" 1. The behavior of 
-12- 
6 
erally occurs below 300 km. Thus the boundaries of the dissipation region are 
=300 km (occasionally higher) and z1 = 100 km. Within this region the dissipation =2 
where RAj* i s  the viscous stress tensor (Appendix 1). 
111. The Model 
To consider the problem i n  i t s  real-life detail would unnecessarily complicate 
it and render i t  intractable. Instead, we consider a simplified model to represent the 
convection phenomenon. This i s  shown in  Figs. 4, 5. The model contains the essential 
features of the convective process. 
The rationale for the model i s  the following. An observer on the rotating 
Earth w i l l  see plasma motions above, which vary in a periodic manner. Let the z axis 
of a Cartesian coordinate system l ie along the observer's vertical. A t  time /t, let 
7 
seen directly above vp the y axis l ie in the direction of the plasma velocity 
U 
the observer. Then by eqation (1) the x axis w i l l  be parallel to E' (if 
- A  
7 7 
i s  vertical). l/p and E wi l l  vary i n  time with respect to this local coor- 
dinate system defined a t  /rc = 20 . The model i s  an idealization of the 
convection as viewed in this local coordinate system. 
An exception to this occurs for tv = 0.6 x 10-3sec-1 and daytime, sunspot maximum 6 
conditions (Figs. 8, 10) when there can be significant viscous dissipation up to 340 km. AS 
determined by the pz/t 7 force alone v i s  found to be almost 
~ - 
independent of z above a certain crit ical level zc . With viscous forces included V' 
i s  essentially independent of z above zc + Dv(zc) (where Dv(z) = ( r' C)/&)4' f and 
i s  the neutral gas mass density)and thus there i s  negligible viscous dissipation P 
above this level. 
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In this model the earth is taken to be f lat and there is translational symmetry 
L along the y axis. 
The model is  divided into five regions. 
Region 5 represents the upper magnetosphere where some mechanism pushes 
charges from a low potential region (the right side of Fig. 4) to a high potential region 
(the left  side of Fig. 4). 
Region 4 represents the region of the magnetosphere through which momentum 
i s  transferred by magnetic stresses from Region 5 to Region 3. In th i s  region the neutral 
gas convects rigidly and the field i s  frozen to the plasma. 
Region 3 represents the dissipation region which lies i n  the range z1 = 100 km 
< z < z - - 2' Usually we have z2 = 300 km. 
Region 2 includes part of the ionosphere (from 100 krn to 60 km) and the 
entire non-conducting atmosphere down to z = 0. 
Region 1 represents the earth. 
The velocity 
7 
9 is taken to l ie along the y axis of the model, 
. By collisions the plasma particles establish a 
A 7 
so that we take V = V , ( Z ) ~  . 
A 
neutral gas velocity parallel to 
The unperturbed magnetic f ield is  = - B o t  = constant 
= and the electric field, above 100 km, i s  
Ex* i s  constant in  space but varies i n  time as sin& . With 
these specifications the current density (4) becomes for z - > 100 km: 
I - 1  4- 
and Pb are assumed to depend only on z. where the conductivities 
The current flow is  indicated i n  Figs. 4, 5. Vertical currents flow along the right and 
9 
left boundaries of the model (Fig. 4). The x and z direction currents (Fig. 4) consti- 
tute current loops. A positive charge w i l l  move around one of these loops, from the low 
to the high potential boundary in Region 5, down the high potential boundary to Region 
3, then across to the low potential boundary again and back up. In reality, of course, 
the vertical currents are not restricted to two sheets. But we are not interested i n  the 
vertical current structure; rather we are interested i n  
which i s  well represented by the model. 
Three matters relating to the model require discussion: 1) the electric f ie ld 
below 100 km; 2) the perturbation magnetic field; and 3) the equations of motion. 
1) The Electric Field Below 100 km. 
The Condition 
/gflg/ << 1 is  wel l  satisfied above 100 km but w i l l  not 
hold a t  most levels below 100 km. The character of the f ield below z1 i s  
indicated i n  Fig. 4. Since the earth i s  highly conducting, charges w i l l  move within 
i t  to cancel out any f ield 
Viewed from the earth the f ie ld 
the solid earth i s  so high that 
imposed from above and confine i t  to z - > 0. 
varies in time. But the conductivity of 
and any associated changes in  penetrate 
but l i t t le  into the earth's interior. 
3 
Fig. 4 shows the E f ield configuration taking into account the fact that 
the earth's surface i s  an equipotential surface. The f ie id for the region 0 - < z - < z1 was 
found by solving the equation Vzu = 0 (where Ft? - P & ) subject to 
~ 
boundary conditions: 
-1 5- 
Ex (x, z = zl) = Exo = constant in space 
Ex (x, z =O) = O  . 
The solution is  M = - (Exo/z , )xe  
From equation (1) we have that 
v ( z > 22) = 1 km/sec and With, for example, 
to the high velocity region E, F or G, H in  Fig. 3) and Bo = .5 gauss the potential 
drop across the width L of the model i s  2 x 10 volts. We expect that Fig. 4 
L = 400 km (corresponding F7 - 
4 
7 
gives a good qualitative idea of real-life E f ield behavior a t  the 
In p r t i cu la r  we expect that in  the actual ionosphere-atmosphere system 
owes t I eve Is. 
diminish and /ky/ increase wi th  decreasing altitude. In the actual system 
7 
however the E f ield w i l l  be roughly horizontal down to 80 km, and there w i l l  
not be a discontinuity at z1 = 100 km. 
2) The Perturbation Magnetic Field 
The current -f produces a perturbation f ield which i s  small compared 
to 
It i s  convenient to divide the perturbation field into two components so that 
and which must be added to i t  to obtain the ful l  geomagnetic f ield . 
= 
. The sources of the perturbation component 
are the x and z direction currents. The x,z current system of the model i s  just the 
current system of an infinitely long solenoid. The field ~$9 does not extend to 
/ 
there i s  a portion & of the perturbation the earth. In addition to 
due to the Hall currents and a current systein i n  the earth ( V X g ”  = (p~fi)g> 
7 
-16- 
i n  the ionosphere). The earthbound current system i s  such that 1; i s  confined 
primarily to  regions 2 and 3. It i s  the perturbation f ield AB 
7 
which, observed on 
the ground, leads to the deduction of the DS current system. 
We are interested i n  finding the magnetic stress 5 (z2) required to 
produce a given convection rate. It i s  convenient to measure the convection rate 
v (z = 22). The stress s (22) 47 by the plasma velocity a t  z = 22, i.e, 
applied against the friction of the charged particle-neutral collisions results in 
Since the velocities q- and v- are taken to l ie in the y direction, 
the relevant stress tensor component i s  that giving the +y momentum transferred i n  the 
2 -z direction (per second per cm ), that is, I 
( d; has components 
only i n  the 
lines from the region of the driving mechanism. 5 (z2) and I/ (z ) are 
related by a constant of proportionality c E X P ( i  8) , where C i s  
x and z directions). 5 (z2) i s  the momentum flux down the f ield 
p 7  2 
the drag coefficient and 6 the phase difference. That is, 5 (z2) = C X  
EXP(I'B)~7(z2). We want to obtain numbers for the drag coefficient. The Hall 
current does not produce any dissipation so we henceforth ignore 2; and 1; . 
The field -#, 2 +A2? i s  indicated i n  Fig. 7. i s  a 
negative quantity. 
3) The Eauations of Motion 
We wish to find the equations, appropriate to the model, for determining the 
functions 5 (E, A) and l2 (9 .t') . The basic equations are 
Equation (4) for i n  terms of ,E' , the force equation, and Maxwell's 
r 
-17- 
equations. For the geometry of the model, (4) becomes (7). Neglecting 97 and 
, the equation and Equation (7) together 
yield 
and 9 This i s  one of the two equations needed to solve for 
The other i s  the force equation. We neglect the Coriolis force as it does 
The model i s  independent of y so that 47/27 = 0 where 8 no work. 
f i s  the pressure, and (dV7/&)5 = (d 5/2!)2 . The 
Lorent2 force i s  $ X  @ = (3384)9 = -&, ,~~(JA$Az)+ 
and the viscous force i s  d / d t ( p ( d  va/-'sa3 (with 
f,) ). P- =/" 
The neutral gas force equation, appropriate to the model, i s  then 
- 7We note that the total electric f ield i s  actually Ex = - kr b/C 
Exo  + A Z> where i s  the induction component of €8 , 
& p  being produced by space charge. A k- i s  small compared to , 
and we neglect it. Furthermore, varies l i t t le  over the vertical dimension ( z ~ - z , )  
of the dissipation region. This i s  because the Alfven wavelength i s  much greater than (22 - 2 , )  
8Although the Coriolis force does no work directly, i t  does alter 
somewhat the ioule and viscous dissipations. Similarly, although 2; does not by 
- v and thus affects 
-1 8- 
itself result in  dissipation, the force 
- 
alters v 
and thereby influences the dissipation. These effects w i l l  be taken into account where 
significant. 
The quantity (- R,/7/PT +p( ,J V $7 /Z-3 
plus viscous, exerted in  the + y direction through a unit area with normal in  the -z 
is  the total stress, magnetic 
direction. 
v (z 222) = p7 y o  sin h-4 
-4 - 1  
constant and with gv i n  the range 0.7 x 10 sec < 
Equations (8), (9) and (10) may then be combined to yield 
We take 
- 
with b o  a 
-3 -1 
~ n /  < 0.6 x 10 sec . - 
p (2 
The solution to this equation can be written i n  the form: 
a t  z1 i s  V (z1 = 7 As discussed earlier, the boundary condition on 
100 km) = 0. For the boundary condition on at  
( /1" = 0, z2), where = 0, z2) i s  the solution to the force equation 
a t  z = z,. We use this equation, i n  which viscous forces are neglected, to determine the 
upper boundary condition because by the definition of 22 viscous forces are unimportant 
for z > z  
L 
1 (z, = 100 km) =O, 2 AS the boundary condition on 1 , we take 7 - 2' 
-1 9- 
/ ” I ?  
There are several approaches to the solution of (1 1) when 
are general functions of Z. It can be transformed to an integral equation, 
and P ’ -  
can be found by means of a variational principle, or the functions 
or a perturbation technique may be used. These methods are discussed in Appendix 2. 
9p 7 4  I 
I constants and with p =P EXP(-/#) 9 and /” With 
where f i  and are constants, (1 1) has a solution in  terms of Bessel 
functions (Appendix 2). 
and c& are known, A$ and thus ,(+A) 
Once P 
follow from (9). We obtain a general expression for the coefficient c in terms 
, 78 by substituting (8) and (12) into (9) and P of integrals over 
integrating. The result is  
i s  the desired expression for the drag coefficient in  terms of general functions 
28 
The total rate of dissipation, viscous plus ioule, in a column of unit cross 
section extending from z1 to 22 i s  the average of 
which i s  [ 
5 (22) b7 (z,) over a cycle, 
5 ( ~ 2 )  q7 (79) ]A v = 3 C cos 6 Vp: 
-20- 
Exo = yo B# = constant, z > 
Equations (9), (lo), and (14) lead to 
- 
We w i l l  examine three cases: the l imiting case of b~ =0, the 
-3 -1 
maximum frequency 
see '. In each case the role of viscosity i s  assessed. The 
reveal, i n  a simple way, much of the underlying physics. For w = 0.6 x sec-l, 
inertia is important and i t s  effect on the drag coefficient is  illustrated. These consider- 
ations lead to values of [ and @ from which the ionospheric dissipation 
rate i s  estimated, 
w = 0.6 x 10 sec , and the frequency w = 0.7 x lom4 
- tu = 0 l imit serves to 
IV. Discussion 
A. w = O  
For In/ = 0 we take z1 = 80 km wi th  v (z < 80 km) = 0 and 2 -  
7 
E = 
- 
= constant i n  space and time down to 80 km. (The z 
component of the electric f ield i s  s t i l l  fairly small as far down as 80 km so we ignore 
it.) The h/ = 0 problem with z1 = 80 km i s  physically equivalent to a time de- 
pendent situation i n  which i s  much greater 
than /(d%/k) for z > 80 km, with p/"p so 
v (z < z2) =o. 1 -  large for z <  80 km that - 
I/ (z > 22) = V p P  ; then (8) becomes for this time 0 - We take 
independent case: 
80 km. 
where T i s  the total 7 t stress. A t  the level 22 we have T =L 5 (z2) 
- - A A - 2 / 4 K  
from z downward, /A7 / decreasesso that less of the stress i s  borne by 
the magnetic f ield and more by the velocity shear. Finally a t  z = 80 km, 4 = 0 1 
and a l l  the stress i s  viscous shearing stress. 
- to good approximation. As one moves 
2 
- We first consider the solutions to (15) when q =  9. - 
constant and 
when the conductivity i s  increased. They are, for z < z < z2: 
/" = / " v  = constant. These solutions illustrate what happens 
1 -  - 
is the transfer distance, 
that is, the distance required for the tmnsfer of stress from the magnetic f ield to viscous 
shear. Plots of these solutions are shown i n  Figs. 6, 7. From (16a) we have that 
. Thus when D,- i s  small, 
5 ( z )  GO down to a lower level, and the magnetic f ield moves with the 
medium down to that level. Further, when pr i s  small, we see from Fig. 6 
-22- 
that the velocity shear a t  z1 i s  increased, and thus 
- 5 ( z  ) is  increased. Therefore when 
the f ield i s  frozen into a lower level, and 
= /",(A v,/dz)(Zd 
V Q  i s  increased ( /"o fixed), A 
2 
5 (z ) i s  increased. 
5 (&I/ 9 0 
2 
In Fig. 6 the distance between the = 1 l ine 
/ 
and the $/.z/vp. curve i s  proportional to the electric f ield Ex = 
€ r o  - *Bb/L 
From (16b), the drag coefficient is  readily found. We obtain 
Now z2 must be such that (22 - '1) /&- 
ficant viscous dissipation above z 2' It follows that 
to good approximation. For the 
i s  found to be: 
>> 1; otherwise, there would be signi- 
1 
C = Bo() to  &C2)L 
o and P o  values of Figs. 6, 7, C /" P 
c = 2.7 x (dynes-sec/cm 3 ) 
c = 8.7 x 10" (dynes-sec/cm 3 ) 
6 = 1 1 0 - l ~  EMU 
90 = 1 x EMU 
3 9 = 3  1 0 - l ~  EMU c = 47.0 x 10-1 (dynes-sec/cm ) 
/c" and Values of the drag coefficient were also found for non-constant 9 . Fig. 8 shows various profiles of the Pederson conductivity . Fig. 9 
shows four approximate representations of the curves of Fig. 8. These approximate curves 
differ only by a scale factor. Using the 
mate analytic expression for 
ical ly integrated from z = 80 km to z2 = 300 km. The values of 
(z) profiles of Fig. 9 and with an approxi- 
(z) (see Appendix I), the equaiions (15) were iiiiiiiei- 
P 
/" 
c thus found are: 1 
-23- 
9 (100 km) (EMU) 
Sunspot maximum: day 4.5x 10- 
night 5.4 x 10-l8 
night 5~~ 1 0 - l ~  
Sunspot minimum: day 2.5~ 
3 c (dynes-sec/cm ) 
5.02 x 10-1 
1.52 x lo-’ 
4.64 x 10-1 
3.79 x 10 
-1 1 
Again, c increases for increasing , although C is  not so sensi- 
tive to as in  the constant parameter case. This is  also the situation when 
= 0 case the dissipation per unit area i s  W > 0. In this 1/1) c y:  
P From the numerical solutions to (15) for non-constant 
(Appendix l), i t  i s  found that as 
increasingly larger fraction of the total dissipation. For example, viscous dissipation 
is  found to be about three times larger than ioule dissipation for night-time, sunspot 
maximum and about ten times larger than joule dissipation for daytime, sunspot maximum. 
& (Fig. 9) and P 
9 increases, the viscous dissipation i s  an 
-1 B. w =0.6 x sec 
In this case i s  time dependent so that the inertial term i n  the 
force equation (10) does not vanish. As in  the W = 0 problem, we first consider 
constant parameters, that is, we solve (1 1) for 
q ( z )  = q o  = constant 
pG) =/” 0 = constant 
p (2) = pD exp [-(z - z o ) / / Y  1 
, H , and zo are constants. With these conditions an exact 
solution can be found in  terms of Bessel functions (Appendix 2). When the quantity 
where f 
i s  an integer, t h i s  
solution assumes a particularly simple form. For values of 9 0  y o  f 
-24- 
etc., appropriate to the dissipation region, tr lies in the range 0 < V- < - 3. 
We w i l l  take tr = 1 with 
-4 
The viscosity i s  relatively constant through the dissipation region with 3 x 10 
being typical. For values of 9 o and appropriate to that region, 
viscous forces are more significant when = 1 than when V- = 2 or V- = 3. 
We have taken 
The function 
points of the density curves for sunspot maximum and minimum. For the parameters (17), 
the solutions 
In this time dependent case, momentum transferred into the dissipation region by mag- 
netic stressing produces 
g/cm-sec 
V- = 1 in order that the effect of viscosity may be more pronounced. 
(z) defined by these parameters i s  shw n in  Fig. 10, along with P 
(z), 8~ (z) to (11) are plotted in  Figs. 11, 12 (see Appendix 2). 
and i s  further transferred by viscous stresses. 
= 0 and for the conductivity and viscosity values of (17), 
(z) i s  shown in  Fig. 11. Below 140 km, 
9 
For W 
i s  much greater 2+ 8 the solution 
or f B  . T h i s  i s  because the density a t  lower levels is so great than gA 
that l i t t le  velocity i s  acquired by the time the driving force ( g x  B o k ) 2  
i s  reversed. The effect of inertia i s  thus to decrease 
lower levels and thereby to increase the drag coefficient 
/ +/ significantly a t  
c (see Eqn. 9). 
,.,Lan 
..I 1-m I 
\ /  / z  * 1 
Y t e/'&/ 
4 7  
ii i s  of inieresi i o  examine the soluiion 
/M =O. With =Oand for ri and / general functions 
of z, (1 1) has the solution, which we denote by a superbar, 
-26- 
, the quan- j% 7 8  the approximate solutions 
tities C and Q may be found by (13). From we obtain: 9 7 6  
0 = 0.24 radians; 3 c = 2.01 x dynes-sec/cm , 
4 
we obtain: 
- 3 
= 1.97 x dynes-sec/cm , 6 = 0.25 radians; 
we obtain: 
rv 
and from F A  j% 
@ = 0.14 radians. 3 c = 2.02 x lom9 dynes-sec/cm , ry 
give an accurate value of c . The value of the drag 
(2) curve in  Fig. 1 1  i s  c = 0.3 x 7 coefficient associated with the 3 
dynes-sec/cm . 
We note that the dissipation i s  larger 
because in  the former case work 
must be done against viscous forces. 
To study the effect on the drag coefficient of varying 0;". and hL' 
we have found and for four cases, shown in Table 1. The numbers 
9 N 
i n  Table 1 may be compared with the values of found for the same parameters 
but with CN = 0. It i s  seen that C i s  larger i n  the high frequency case. It 
c 
V o  i s  also seen from Table 1 that c i s  almost directly proportional to 
~~~ ~ 
In a l l  but one of the cases of Table 1, z2 = 300 km. In case 2, z2 =475 km. For case 2 9 
satisfy a t  300 km the boundary condition 
hr 
we have required that 
appropriate to z2 = 475 km. This underestimates 
stant conductivity 9 (2) = q o  , C i s  given more accurately by a t  
low f l p  values (e.g., 90 = 1.0 x EMU) than by c . Therefore, values 
of C are shown i n  Table 1. We expect that these values are within 5% of c . 
C and thus the inequality. For con- 
P - 
-25- 
where 7- = CY/~;T . When WT < < I ,  
we have 
closely with the plasma. We note that for decreasing LY the amplitude 
= v p o b  , that is, the neutrals move v2 
vp*/(/ + w z  T2)* increases. 
Po For the parametert (17), but with 
are plotted in  Figs. 11, 12. The bends are less sharp for the p I f& curves 
. This i s  just the effect viscosity should have. 
curves of Figs. 11, 12, inertia i s  much more 
' F .  
a ' TJ 
than for the curves 
It i s  clear that for the 
important than viscosity. 
An approximate solution to (1 1) can also be found by means of a variational 
principle (Appendix 2). This i s  done by expanding #A , R g  i n  a Fourier 
series and truncating the series after two terms. The approximate solutions thus found 
are denoted by 
are plotted in  Figs. 11, 12. They are as close as can be expected with a two-term 
Fourier series to the 
. For the parameter values (17), these solutions 5 f8 
curves. Clearly in  the case of Figs, 11, 12 
than are f i '  p ' P 
p 9- 
j 3 A  ' j?B are better approximations to 
and from ?* ( 7 8  . From the exact solutions including viscosity 
-27- 
This i s  because, for 01/ = 0.6 x sec-l, /1/7 // @o/ 
i s  small (see Eqn, (9)). The larger value of 
densities (Fig. 10). 
/ 
H corresponds to larger mass 
, and H have been taken 
(solid lines) found from the 
V I / =  
5 and P B  
Thus far the functions 
to be constant. Fig. 13 shows 
daytime, sunspot maximum 
We consider daytime, sunspot maximum conditions, for which 
order to obtain maximum values of the drag coefficient and the dissipation rate. The 
solutions gA ,f- including viscosity, l ie  within the dashed curves of Fig. 13. 
The dashed curves were found as follows: The viscous force was taken as the larger of 
P (Fig* lo)* (Fig. 8) and the sunspot maximum P 9 i s  largest, in 
13 and with (zp - za) sz $, (2,) (where 
%+ 
). The maximum amount 
by which the viscous force can alter was obtained by equating 
AR -(/a4 
74 
to the viscous force and solving for 
Here /3h =/;Z~G&’ and A A  = 1/W 
The dashed curves are defined by the functions and 
in this manner, the effect of viscosity Af . By finding 
l ie  within the 
was calculated from the f-~ , f - ~  curves of Figs. 
8 A  P on the motion i s  overestimated. Thus the curves 
dashed curves. ( A 3  
11, 12, and i t  was found that , at  most levels, was closer to than to P 
P I either , and similarly for 
were everywhere within + of 
- A2 and 36 
-28- 
of Fig, 13, the quantities Z A C  g + i @  
found by cbing the integrals in  (13) numerically. We thus obtain 
-9 3 
2 A c 
& + A @  
= (4.2 - + 0.5) x 10 
= (0.29 - + 0.10) radians. 
dynes-sec/cm 
Now the total dissipation including viscosity Lc B vt 
2 
profiles 
can be 
I 
must be greater than 
assume th t  in  general c wi l l  be greater than c and @ less than 
fC-2 I+; . It i s  reasonable to 
9 , as was the case for the solutions of Figs. 1 1 ,  12. Then c wi l l  l ie 
-9 3 
in the range ( c =4.2 x 10 dynes-sec/cm ) - < C - < ( c + A c = 
4.7 x dynes-sec/cm ), and 8 i n  the range ( 8 - d @ = 0.19 radians) - 3 
- B < _ (  63 = 0.29 radians). For the same conditions but L/t/ = 0 
i t  was found that 
3 c = 5.02 x 10-l' dynes-sec/cm . Clearly the effect of 
inertia, in  diminishing J and hence increasing C , is a significant 
- one. The quantity CGC~-Q B wi l l  l ie  in the range ( c M 3 - 
4.0 x 10 dynes-sec/cm 3 ) < - C 6 < ( [ E  - + a c  1- -9 
-9 3 c & - A @  1 = 4.6 x 10 dynes-sec/cm ). 
Now the average rate of  viscous dissipation per unit area is 
/z2 
-29- 
are always smoother functions of z than 
2 A  , 7 8  
Because the functions 
are yMA , 2-B , i t  follows that 
From the functions of Fig. 13 we have evaluated 
. We find that LG-cl!” 1 
-3 -1 = .014. That is, for Lc, = 0.6 x 10 sec and 
daytime, sunspot maximum conditions, viscous dissipation accounts for less than 1.4% 
of the total dissipation. For conditions other than daytime, sunspot maximum, the 
upper l i m i t  on the viscous dissipation i s  somewhat higher, ranging up to about 15% 
of the total dissipation (for night, sunspot maximum conditions). Therefore, this 
sec” case is opposite to that of -3 = 0.6 x 10 In, = 0, where viscous 
dissipation was primaryy. Whereas for W = 0 there was no inertia and viscous 
forces were important, for = 0.6 x lom3 sec” the inertial term i n  the force 
equation i s  dominant over the viscous term. 
C. tu = 0.7 x sec” 
The frequency W = 0.7 x sec-’ i s  the charucteristic frequency 
for motions over the central polar regions (A,D i n  Fig. 2). For this frequency, vis- 
cosity i s  more and inertia less significant than for DU = 0.6 x lom3 sec-’. 
= 0 approximation i s  of useful accuracy i n  this case. Pro- 
-9 
Nevertheless, the 
ceeding as before, we find that for daytime, sunspot maximum conditions 1.6 x 10 
3 < 2.3 x loB9 dynes-sec/cm . So 3 dynes.-sec/cm < - c -8 - 
GO=-@ is not much smailer in  this case than for w =  
-30- 
-1 0.6 x lom3 sec . 
As mentioned earlier, Hall current and Corio%is forces w i l l  modify 
and thus alter the ioule and viscous dissipations. We have made estimates of these 
effects and found that i n  & i s  lower frequency case they lead to an increase in  
C-8 by perhaps as much as 50 percent, (these effects being 
negligible for Lv = 0.6 x lom3 sec-’). 
We find, for Ln/ = 0.7 x lom4 sec-l, that viscous dissipation i s  for 
a l l  conditions less than 40 per cent of the tota! dissipation (and i s  less than 10 per 
cent for daytime, sunspot maximum condifFons). 
V. Results 
For 0.7 x lom4 oec” - < < 0.6 x sec-’, and assuming 
the conductivities and mass densities of F i g .  8, 10, we have found that (in the 
polar ionosphere) viscous dissipation, 
less than 40 per cent of the total dissipation 
[ h ‘ ~ , s c ] A  v 
2 kc m p  $ 0  
, i s  always 
-1 The fraction 40 per cent occurs for = 0.7 x sec and nighttime, 
sunspot maximum conditions, for which @/ 
increases, the viscous dissipation rate decreases and the rate of joule 
i s  quite small a t  low levels. As 
Dv 
-3 
dissipation increases, so that, for W = 0.6 x 10 sec-l and nighttime, sunspot 
maximum conditions, viscous dissipation i s  less than 15 per cent of the total. With 
, the iou%e dissipation rate increases. Consequently, for increasing 
-3 -1 
9 
W = 0.6 x 10 see and daytime, sunspot maximum conditions, viscous 
dissipation accounts for less than 1.4 percent of the total. Thus joule dissipation 
i s  always dominant over viscous dissipation. 
-31- 
The integrated ioule dissipation rate, 
w i l l  not be much different from 
provided 
i s  small in  the height range where 
0.6 x 
20 per cent larger than R r  . But for 
sunspot maximum conditions, the above situation is  not too well achieved, and 
i s  about three times larger than 
Hence, i n  obtaining the ioule dissipation rate the neutral gas velocity can, to rough 
rf i s  largest. Because of this, for & = 
is only about 
= 0.7 x loo4 sec-’ and nighttime 
4 sec” and daytime, sunspot maximum conditions 
h/ 
G 
/?g . A l l  other cases l ie  between these extremes. 
approximation, be neglected a I together. 
From the values of c and 6 found above, i t  i s  easy 
to find the rate a t  which energy is dissipated in the polar ionospheres. For the high 
velocity regions E, F and G, H i n  Fig. 3, the plasma velocity i s  I/p. == 
3 1 km/sec. These two regions each have a length of about 5 x 10 km and a width 
17 2 
cm . of about 400 km for a total area, including both hemispheres, of .8 x 10 
The characteristic frequency appropriate to the regions E, F and G, H is 
0.6 x sec . From above, we have that $ C @ 
2 x 
W = 
-1 
3 dynes-sec/cm . The dissipation rate for the regions E, F and G, H i s  then 
18 p =(Area)x Lc-@ 2 x vp: 2 x  10 
ergs/sec. 
17 2 
For the central polar region in  Fig. 3: (Area) .s”, 2 x 10 cm , 
-9 
tv =0.7x IO -4 sec -1 , f - C  e e 1 x 10 dynes- 
3 
hr - 0.1 krn/sec, for a total dissipation rate, including vp@ sec/cm ,and 
-32- 
16 
both hemispheres, of 4 x 10 ergs/sec, which i s  negligible i n  comparison with 4 . 
Then for convective velocities of 1 km/sec, viscosity and electrical resistivity 
18 result i n  the dissipation of energy a t  the Pate @ 2 x IO ergs/sec, 
assuming daytime, sunspot maximum conditions. 
10 
Since thio dissipation occurs i n  
the high velocity regions where the characteristic frequency is LL/ = 0.6 x 10- 3 + -  - see I, viscous dissipation i s  a t  most 15 percent of the total ionospheric dissipation, 
was obtained for daytime, sunspot maximum 
, and thus c 5 i s  largest. Now 
The above value of @ 
9 conditions for which 
we have used mid-latitude conductivities which, according to Chapman (1 956), are 
larger than polar conductivities. Thus the value 2 x 10 
overestimate, being based on 
the other hand, auroral corpuscular bombardment may lead to significantly enhanced 
conductivities. It appears (Bostrom, 1964) that these enhanced conductivities are not 
much greater than the daytime, sunspot maximurn 
Hence 2 x 10 
viscous dissipation rate. 
18 
ergs/sec i s  perhaps an 
values which are possibly somewhat high. On 9 
Kf we have considered. 
18 
ergs/sec i s  a reasonable upper bound for the ionospheric ioulle and 
We conclude that, i f  some mechanism can provide energy a t  least a t  the 
rate of 2 x 10" ergs/sec, then the convection can be maintained. We ask whether 
the solar wind might possible provide this mu& energy? About 10 km/sec i s  a reason- 
able value for the convection velocity of the outer magnetospheric plasma. The solar 
in  1 0  
'"Axford and Hines (1961) estimated 
Axford (1963) obhined 10 
to be of the order of 10'" ergsisec and 
ergs/sec for the ioule dissipation, with an uncertainty of 17 
a factor of 10. 
-33- 
wind dynamic pressure, a t  active times, is  typically 2 5 s ~  = 3 x 1 0'7 dynes/cm 
3 3  (20 atoms/cm , 10 km/sec). This stress is applied to the magnetopause over a frontal 
area of = 3 x 10 20 2 cm so that an upper l imi t  on the rate a t  which the solar 
wind could do work would be +sw = x (10 km/sec) x Am = 
20 1 x 10 ergs/sec. This i s  f i f ty times larger than the energy consumed by the joule and 
viscous dissipation, 
be dissipated by ring current decay and by the collisional ionization processes associa- 
. In addition to joule and viscous dissipation, energy can 
ted with aurorae. The dissipation associated with ring current decay and the aurora 
can amount altogether to perhaps as much as 7 x 10 18 ergs/sec for convective velocities, 
of 1 km/sec (Axford, 1963). Hence, ioule plus viscous dissipation i s  not necessarily 
dominant over these other types of dissipation. The total dissipation w i l l  in  any case 
19 be less than 1 x 10 ergs/sec. Thus so far as the energetics are concerned, i t  i s  
feasible that the solar wind drive the convection. But even though this may be 
energetically feasible, i t  cannot be said that the solar wind does, in  fact, drive the 
convection because the effective cross section over which i t  does work on the magneto- 
sphere i s  not known. However, i t  can be said that i f  the effective cross section of the 
magnetosphere i s  1/10 , the solar wind can drive the convection a t  velo- 
cities of about 1 km/sec. On the basis of this convection, various geophysical pheno- 
mena, such as the DS current system and particle energization, can be understood, as 
was pointed out by Axford and Hines. 
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APPENDIX 1 
We have found the stress tensor for an ion-neutral gas in the presence 
of a magnetic field. The Chaprnan-Cowling method was used (Chapman and Cowling, 
1960). lon-ion collisions were considered out to the Debye length. The neutral- 
neutral and neutral-ion interactions were treated as hard sphere interactions. 
These results w i l l  be published later. It was found that i n  the lower ionosphere the 
total ion-neutral viscosity i s  essentially the neutral gas viscosity and thus not 
dependent on . The viscous stress tensor i s  then 
was evaluated for ionospheric levels. It was found that 
can be represented to within 20% by the 
p“ The viscosity 
i n  the range 80 km to 350 km 
function 
/” 
-6 
z)(g/crn-sec) = 2.42 x 10 x Z (km) - 6.9 x lo? 
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APPENDIX 2 
Substituting (12) into (1 1) yields the pair of equations 
. These are just the Euler equations for 
finding the extrema of the integral M =f>k where 
Et 
The approximate solutions were found by letting 
and then choosing a, , Rz 4 r  -d, to give an extremum 
of M . Here = T / h Z  - t,) and h e  term 
is introduced to satisfy boundary conditions. 
3 
fl/- - 8 4  
-36- 
For 
/" = r o  = constant 
9 = Po = constant 
RFT 2 with y o  , H constants, P =Po 
(1 1) reduces to 
Transforming to the new variable p = E K P I - 5 )  (A2) becomes 
where k2 - Ifyi; and €'.r H;/p= . 
We take 
homogeneous equation associated with (A3), viz., 
to vary as EKP+.&) and consider the 9 
This equation has solutions of the form 22 .-(2 EXP(4' 7) 3 /7  A?+) Dv 
where zzp i s  any of the solutions to Bessel's equation of order 2 V- . 
The particular solution to (A3) can be expressed in  terms of Bessel functions 
times integrals of Bessel functions. Thus expressed, i t  reduces to infinite sums of Bessel 
functions over the order. These sums are dif f icult  to evaluate and so we have found 
other forms of the particular solution. When V- i s  not an integer, the particular 
-37- 
solutions to (A3) are: 
which are useful i f  € i s  sufficiently small. When (r i s  an integer 
the particular solutions are 
the simplest i s  that for V- = 1, viz. 
polynomials in  inverse powers of p of which 
I 
j?&(PARZ) - - - - EZP 
Thus when 
integral 
i s  an integer the particular solutions assume a simple form. For 
the Bessel function solutions of the homogeneous equation (A4) 
can be expressed in  terms of I &-& I h-L& I 
kEZ(  functions which are tabulated up to o( = 3  (Young and 
Kirk, 1964; Tolke, 1936). The solutions 
11, 12 were thus evaluated. 
shown in Figs. P ' 7 8  
p . 9  
a&?= v,(iLL/k) 
The differential equation (1 l), for general functions 
, plus the boundary conditions 
is equivalent to the integral equation: 
and f 
and 
-38- 
where 
and 
The Fredholm series solution of (AS) (see e.g. Margenau and Murphy, 
1956) converges reasonably well for W = 0.7 x sec -1 . 
A perturbation solution to (11) may also be found by taking v (Z k) - @ 7 '  =l u*%qz,d!-- with 8 a positive constant 
and 6 (z,A) being the solution 5 (Z'A) to (18). 
The equation for /3r = 1 is  
- m-co 
y ( J 5 - 2 )  +(BoLe/c94 - J / A  (/*c(d/v;r/dz)) 
etc. T h i s  approach i s  useful when viscous forces are not too important. 
Margenau, H. and G. M. Murphy, The Mathematics of Physics and Chemistry, 
D. Van Nostrand Company, Princeton, New Jersey, 1956. 
. '  Tlilke, F., Besselsche und Hankelsche Zylinderfunktionen Nul Iter Bis Dritter Ordnung 
Vom Argument A , Verlag Von Konmd Wittwer, Stuttgart, 
1936. 
I 
Young, A. and A. Kirk, Royal Society Mathematical Tables Volume 10, BesseI 
Functions Part IV, Kelvin Functions, The University Press, Cambridge, 
1964. 
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TABLE 
The ra t io  56% A)/@ 
cy 
C 3 (dynes-sec/cm ) for four cases. 
1 
rv 
and ~9 denote the approximate 
values of c and 6 found via the variational technique. 
q o  = 1  x 10- 17 
5 (300 km, 2 ) /YO 
EMU, # =10km 
= 3.54 x IO-1 sin (A + 0.21) 
qo = 1 1 0 - l ~  EMU, H =25 km 
> 4 . 2 4 ~  ( Z z  =475 km) 
3) = 3  1 0 - l ~  EMU, =10km 
5 (300 km, 2 ) /  y o  =4.81 x 10 -9 sin( d + 0.19) 
tf =25 km -15 4) = 3 x  10 EMU, 
5 (300 km, /;f ) / = 1.17 x sin( + 0.25) 
Fig. 7 
Fig. 8 
Fig. 9 
Fig. 10 
Fig. 11 
Fig. 12 
Fig. 13 
1) n- = 110 !mi " I  K c  = EMU, -0- -L ?- =4so km 
2) 90 = EMU, PT =35 km, Zz =400 km 
3) 90 = 3  x10 EMU, &- =6.33 km, E z  =300 km 
-10 x ( R , c E > / v , o  
Curves 1, 2, and 3 are drawn for the parameter values described under Fig. 6. 
The Pederson conductivity 9 ( E )  (EMU) for various conditions. 
For 
-15 
Gauss-sec/cm) versus 2 (Eqn. 16b). 
Z > 100 km these conductivity curves are taken from Hanson (1961). - 
For 
and data of Hanson (1961). 
Pederson conductivity 9 (EMU) versus Z ; approximate represent- 
t < 100 km the conductivities were calculated from the formulae 
ations of the four curves of Fig. 8. 
The mass density p (E) 
minimum (from Johnson, 1961) and for two values of 
versus height for sunspot maximum and 
. - 
is the 
versus height. 
- I/ e-)/+@ 7 9 - 7  
%B 
p f I 7-j ,and 
exact solution including viscosity and 
with V (2) given by (16a). 2 
i s  the exact 
7 8  , 
, fB versus height. 
so I ut  ion i n c I ud ing v iscos i ty . 
(solid lines) versus height. These curves were 
h/ = 0.6 x sec from the for P and P -1 9 determined for 
sunspot maximum (Fig. 10) and the 
mum (Fig. 8). The curves 
within the dashed lines. 
for day, sunspot maxi- 
, including viscosity, l ie 
9 4  95 
FIGURE CAPTIONS 
Fig. 1 Gross features, shown in the equatorial plane of the magnetosphere, of 
the convection pattern suggested by Axford and Hines. The feet of the 
convecting flux tubes extend down to ionospheric levels. Geographic and 
geomagnetic axes are assumed to coincide. The region R inside the dashed 
circle around the earth is  the region of a possible inner convection system. 
The earth i s  drawn disproportionately large. 
Fig. 2 The streamlines of convective flow obtained by mapping down into the 
north polar ionosphere the flow pattern indicated in Fig. 1, (adapted from 
Axford and Hines, 1961). This pattern i s  intended to represent moderately 
disturbed condi t i ons. 
Fig. 3 The velocities of Fig. 2 as seen by observers rotating with the earth. The 
velocity in the high velocity regions E, F and G, H i s  about 1 km/sec. 
Fig. 4 A cross section of the model in the x,z plane. The solid lines are the 
electric f ield lines and the dashed lines are the flow lines of the current 
v 
and -sfp vary sinusoidally in time. 
$ 0  
Fig. 5 A finite section of the (infinitely long) model, viewed in the y,z plane. - v 
The velocities vp and L/ l ie in the y direction as does the 
current 
3 9~ . The perturbed magnetic field, with i t s  departure from 
the vertical considerably exaggerated, i s  also shown. 9 , v , 
, and the perturbation f ield a l l  vary sinusoidally i n  time. 
Fig. 6 % (",/yo . versus 2 (Eqn. 16a). For a l l  
= 3 x lom4 g/cm-sec, and Y o  three curves = 0.5 gauss, 
Z/ =80 km. For curve 
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